A Class of Five-Dimensional Mult i- Charged Tchrakian Monopoles 



Hironobu Kihara 
Tokyo Institute of Technology 
(Dated: February 11, 2011) 

Abstract 

By considering singular gauge transformation of the five-dimensional Hedge-Hog monopole, we 
obtain a class of multi-charged Tchrakian monopoles. The charge is classified by the fourth homo- 
topy group of SU(4)/U(l)xSU(2)xSU(2). 
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Magnetic monopoles and its generalization have been considered for long time jlj. A 
finite energy monopole in five- dimensional space is considered by Tchrakian as a generaliza- 
;ion of the 't Hooft-Polyakov monopole, in spaces whose dimensions are greater than four 

We study a class of multi-charged monopoles in five- dimensional space in this brief 
article. The mapping class degrees obtained by scalar field configurations in the asymptotic 
region are identified with charges of those configurations ^. 

Let us consider monopoles in SU(4) gauge theory in five-dimensional space. The pseudo- 
energy is defined as 

E = i y Tr {(F A F) A *(F A F) - A *D(j)} . (1) 

Here F is a su(4)-valued gauge field strength and is a su(4)-valued scalar field. Generators 
of SU(4) are represented as anti-Hermitian. * is denoted the Hodge dual operator in five- 
dimensional Euclidean space. Suppose that the value of the scalar field in asymptotic region 
is stabilized to a constant Hq by scalar potential and we consider Prasad- Sommerfield limit. 
We omit the scalar potential. We study solutions of the following Bogomol'nyi equation, 

F A F = ± * iD(j) . (2) 

For a while we list our notations. Points in the space are parametrized by five real 
numbers (xi, X2, X3, 0:4, X5). Let us define the Pauli matrices. 



0-1 



0-2 



0-3 



These matrices satisfy the following multiplication relations, o"aO"fc = '^af)l2 + i^abc'^c and 
commutation relation [cTq, at] = 2ieabcO'c , where a,b,c = 1, 2, 3. By using these matrices the 
generators of the five-dimensional Clifford algebra are defined as 

71 = 0"! ® 0-2 , 

72 = (72 ® (72 , 
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73 = C^3 <8) 0"2 , 

74 = I2 <8) (Ji , 

75 = I2 <8) (73 , 

These matrices satisfy the anticommutation relation, {7M,7Ar} = '^^mni {M,N — 
1,2,3,4,5). We have one more relation, 7172737475 = 14- Matrices i'yailab are closed 
under commutation. They form the Lie algebra su(4). When the scalar field has nonzero 
vacuum expectation value, the gauge transformation is broken. Suppose that = iHoj^ 
at infinity, where Hq is a positive real constant, generators ^75,7^^ commute with 0, while 
generators i^i,^i5 anti-commute with 0. Here i,j — 1,2,3,4. Generators 1^5, ^ij span the 
unbroken symmetry U(l) xSU(2) xSU(2). 

The radial coordinate of the five dimensional space is defined Let us use the 

following spherical coordinate system, 

Xl — rsinOyi , 

X2 = rsin%2 , 
2:3 = r sin 9y3 
X4 = r sin 9y4 , 
X5 — rcosO . 

Here yi, {i = 1, 2, 3, 4) is a point on with unit radius, (yi)^ + (2/2)^ + (2/3)^ + (2/4)^ = 1- 
The following SU(2) matrix plays the crucial role in this article, 

w := 7/4I2 + yii(Ti + 7/2*0-2 + y^icTz ■ (3) 

The quantity w is singular at p = or ^ = 0, tt. The Hedge-Hog monopole is written in 
terms of 

1 / cos^l2 s\n9w^ \ 

e(i) := -xmIm = ■ (4) 

ysin^w —cos ^12/ 

The matrix e(i) is defined everywhere except for xm — 0. e(i) satisfies the following proper- 
ties, 

6(1) — -'-4 , 
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*dr A de'l^^^ = — ^e^i^de^i) . (5) 



The matrix e(i) is transformed from 75 with a unitary matrix 

6(1) = W(i) 75^/(7)^ , 

:= VRV-' , 

^cos(^/2)l2 -sin(^/2)l2' 
sin(^/2)l2 cos(^/2)l2 



R :-- 



V := r ^ \ . (6) 

The matrix V is singular at = 0, tt. However at = 0, i? = I4 and W(i) = I4. Hence, W(i) is 
regular at 6* = 0. At = tt the matrix ^l) is singular. The configuration of the Hedge- Hog 
monopole is given as 

0(1) = iHoU{r)e(i) , 
1 - K(r) 

^(1) = — e(i)de(i) . (7) 

Boundary conditions, U{0) =0 and K{0) = 1, make these configuration well-defined at the 
origin. This configuration satisfy the Bogomol'nyi equation (Eq.([2])), 

F(i) A F(i) = - * 2/^(1)0(1) . (8) 

Here F(i) = dA(^i) + qAf^^y 

As an extension of e(i), let us use 

(cos^l2 sin^w^" , 
sin6'w" — cos6'l2 

The square of e^^-^ is I4. The matrix e(„) is obtained by gauge transformation of 75, too. 

W(„) := . (10) 

At = 0, i? = I4 and = I4, while at = tt the matrix is singular. 
Let us consider the following configuration, 

= iHoU{r)e(^n) , 



An) = (W(n)W(7j)Al)(W(n)W(7j)" + - ci " . (11) 

The corresponding field strength is given as, 

F(n) = (W(n)W(7j) ^(1) (^n)W(7J)"' ■ (12) 

The configuration satisfies the Bogomol'nyi equation, too. 



= (^n)^^;) (*i^(l) A F(i)) (z^(n)W(7j)"' 

= -iD{n)(t>{n) ■ (13) 



Here F(„) = + qA^^^y 

Let us compute the topological charge of this configuration. 
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:= ^ . (14) 

This quantity is classified by the fourth homotopy group 'Ki{SU{A) /U{1) x SU{2) x SU{2)) ~ 
Ker{7r3(C/(l) x ,SC/(2) x -SC/(2)) n3{SU{A))} ~ Z. Hence the configuration is not topo- 
logically equivalent to the Hedge-Hog configuration. We have constructed a simple class of 
the multi-charged Tchrakian monopoles. 
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